Topological phases of matter possess intricate correlation patterns typically probed by entanglement entropies or entanglement spectra. In this work, we propose an alternative approach to assessing topologically induced edge states in free and interacting fermionic systems. We do so by focussing on the fermionic covariance matrix. This matrix is often tractable either analytically or numerically and it precisely captures the relevant correlations of the system. By invoking the concept of monogamy of entanglement we show that highly entangled states supported across a system bi-partition are largely disentangled from the rest of the system, thus appearing usually as gapless edge states. We then define an entanglement qualifier that identifies the presence of topological edge states based purely on correlations present in the ground states. We demonstrate the versatility of this qualifier by applying it to various free and interacting fermionic topological systems. PACS numbers: 71.10.Fd, 03.67.Mn, 05.30.Rt Consider a two-dimensional gapped system prepared in a pure state ρ partitioned into region A and its complement B. For large enough regions with smooth boundaries the entanglement entropy corresponding to the reduced density matrix ρ A = tr B (ρ) is expected to take the form S(ρ A ) = (α + γ)|∂A| − γ + O(|∂A| −β ), where α, β, γ ≥ 0 are constants and ∂A denotes the boundary of A [1]. The first term describes the area law contribution that is generally considered to be non-universal since α depends on system specific microscopics and can change adiabatically [2] . In contrast, the second term γ is a universal constant called the topological entanglement entropy [3] [4] [5] . The numerical extraction of γ has become a feasible numerical instrument to identify topologically ordered states in strongly correlated systems [6] .
Topological phases of matter possess intricate correlation patterns typically probed by entanglement entropies or entanglement spectra. In this work, we propose an alternative approach to assessing topologically induced edge states in free and interacting fermionic systems. We do so by focussing on the fermionic covariance matrix. This matrix is often tractable either analytically or numerically and it precisely captures the relevant correlations of the system. By invoking the concept of monogamy of entanglement we show that highly entangled states supported across a system bi-partition are largely disentangled from the rest of the system, thus appearing usually as gapless edge states. We then define an entanglement qualifier that identifies the presence of topological edge states based purely on correlations present in the ground states. We demonstrate the versatility of this qualifier by applying it to various free and interacting fermionic topological systems. Consider a two-dimensional gapped system prepared in a pure state ρ partitioned into region A and its complement B. For large enough regions with smooth boundaries the entanglement entropy corresponding to the reduced density matrix ρ A = tr B (ρ) is expected to take the form S(ρ A ) = (α + γ)|∂A| − γ + O(|∂A| −β ), where α, β, γ ≥ 0 are constants and ∂A denotes the boundary of A [1] . The first term describes the area law contribution that is generally considered to be non-universal since α depends on system specific microscopics and can change adiabatically [2] . In contrast, the second term γ is a universal constant called the topological entanglement entropy [3] [4] [5] . The numerical extraction of γ has become a feasible numerical instrument to identify topologically ordered states in strongly correlated systems [6] .
Topological phases of fermions, commonly referred to as topological insulators and superconductors, can have a band structure that is characterised by non-trivial topological indices [7] even if γ = 0. A physical consequence of this is the appearance of edge states at their boundaries [8] , that can be used as means to identify topological phases theoretically [9, 10] or in the laboratory [11] . Edge states are eigenstates of the Hamiltonian that are exponentially localised at the boundary of the system and minimally coupled to the rest of the system. Due to the equivalence of the entanglement spectrum [12] -the spectrum { j } of the virtual entanglement Hamiltonian H A defined by ρ A = e −H A /tr(e −H A ) -with the physical energy spectrum [13] , virtual entanglement edge states are also witnessed in the spectrum of ρ A in topological phases. The virtual edge states are also exponentially localised at the partition boundary ∂A, thus being minimally correlated to the bulk states of A but highly entangled to the complementary subsystem B. While both the energy and entanglement spectra can be adiabatically tuned, topology implies that the virtual edge states persist unless the bulk energy gap closes. Hence, topological phases cannot be adiabatically connected to a product state with α = 0 [2] . However, to use this entropic criterion to identify topological phases requires full diagonalisation of the model, which is in general challenging, particularly in the presence of interactions.
Here we take an entirely different approach to identify edge states and topological phases in both free and interacting fermionic systems. In contrast to entropic witnesses that address collective mode effects, we focus on two-point correlations. These are conceptually simpler objects, and at the same time ones that can be numerically much more easily obtained by, e.g., tensor network [14] or Monte Carlo methods [15, 16] . We show that the high entanglement of individual virtual edge states is efficiently captured by the fermionic covariance matrix even in interacting models. Our argument is based on the extremality property of Gaussian fermionic states conjunct with the notion of the monogamy of entanglement [17, 18] . In terms of entanglement entropy we show how to single out the area law contributions of the virtual edge states from twopoint correlations, without the need to study system-size scaling or needing to adiabatically tune the Hamiltonian. Finally, we demonstrate that this correlation based signature, unlike spectral signatures of topological phases, is robust against perturbations, disorder and interactions.
The covariance matrix. We first introduce the covariance matrix that facilitates our study of edge state correlations. A physical system that embodies N fermionic modes with annihilation operators f 1 , . . . , f N can always be associated with 2N Hermitian Majorana fermions γ 1 , . . . , γ 2N , by
The second moments of such Majorana fermions of an arbitrary fermionic density matrix ρ can be collected in the covariance matrix Γ [13, [19] [20] [21] , whose elements are the two-point correlations
This is a real 2N × 2N -matrix which is well defined for arbitrary fermionic states, including ground states of superconducting or interacting models, and allows to treat them all on an equal footing. Since it satisfies Γ = −Γ T and Γ tive pairs. For an arbitrary bi-partition of the system in regions A and B the covariance matrix can be written as
with Γ A(B) reflecting the second moments of the reduced state ρ A(B) and Γ AB capturing correlations between A and B.
For free fermionic systems all ground states are Gaussian states and as such are completely defined by the covariance matrix Γ. The positive eigenvalues {µ A j } of the covariance matrix Γ A are in one-to-one correspondence with the entanglement spectrum { j } through the relation µ 
The entanglement entropy can be evaluated by summing over the contributions from each mode
Thus the modes with µ A j = 0 (always coming in pairs) are uncorrelated with the rest of A and are maximally entangled with modes in B witnessed by ξ AB j = 1. They correspond to the virtual edge states that translate to maximally entangled modes in the entanglement spectrum of topological free fermion systems, which contribute a maximal entropy of 1 2 log(2) per mode [13] .
We next turn to studying the properties of edge states of interacting fermions by considering the highly correlated modes with ξ AB j ≈ 1. To relate these states to the virtual edge states we employ the monogamy of entanglement. This is a powerful general principle that allows us to detect edge states from the eigenvalues of the covariance matrix Γ.
Entanglement monogamy. Monogamy of entanglement states that no mode in A maximally entangled with a mode in B can be entangled with any other mode in A or B [17, 18] . In the language of covariance matrices, singular values ξ AB j = 1 of Γ AB imply an eigenvalue µ A j = 0 (note that the converse is not necessarily true). Thus such uncorrelated modes within A must be decoupled from the bulk states and appear as exponentially localised states at the boundary of A.
To make this property more general and thus applicable to realistic systems we consider the concept of monogamy in the presence of high entanglement between A and B that is not necessarily maximal. We start by discussing a two-mode subsystem. Let Ξ be any principal 4 × 4-submatrix of the covariance matrix of an arbitrary bi-partite fermionic state with reduced state σ. This matrix can be brought into the form
This is a consequence of the real special orthogonal singular value decomposition, applied to both local modes individually. This covariance matrix corresponds to a pure maximally entangled state exactly if |b| = |c| = 1, as only then Ξ T Ξ = 
with the trace distance defined as A 1 = tr(|A|) for operators A. Hence, by considering the eigenvalues of Ξ AB we can deduce how close the state σ of the system is to a maximally entangled state ω. The same argument applies to an arbitrary number of modes. If 2k singular values of Ξ AB are larger than 1 − , then one can identify a subspace embodying k pairs of fermionic modes that are in trace distance closer than 2 to k maximally entangled pairs. The almost maximally entangled modes are largely disentangled from the remaining fermionic modes, as dictated by the monogamy of entanglement [17, 18] . To make this notion more precise let us first focus on the situation of the reduced state supported on modes S 1 and S 2 being in a close to maximally entangled state; this is meant in the sense that this reduced state can be written as σ = (1− )ω+ η as above. Then the mode S 1 will be little entangled with any other individual mode of the system. In fact, the sum of all entanglements of formation E F (1 : j) [22] between S 1 and any other mode S j is upper bounded by
and is hence small if is close to zero. This is a consequence of the following facts. The entanglement of formation E F and the tangle τ [17, 18] are related as E 2 F ≥ τ . Then, the entanglement of formation is an entanglement monotone, so that E F (1 : 2) ≥ 1 − holds true. Finally, we make use of the monogamy of entanglement inequality for the tangle as discussed in Ref. [18] .
The close to maximally entangled pair on S 1 and S 2 is also monogamous and disentangled in a different sense. These pairs are as a whole minimally entangled with all other modes, in the sense that
This bound is derived by using the convexity of the entanglement of formation and noting that the maximally entangled (Dirac fermion) pair takes the value log(2) in the chosen convention. Again, it is straightforward to generalise this argument to the case where 2k singular values are larger than 1− . Then the respective k modes are at most 2k log(2) entangled with the modes forming the complement of the system. This result is general and applies to both free and interacting fermionic systems alike. It states that, due to their maximal correlations across ∂A, virtual edge modes appear as largely disentangled from the rest of the system. In 1D systems this decoupling dictates that the edge states appear as zero modes in the entanglement spectrum. In 2D or 3D systems they appear as gapless states freely propagating at ∂A.
Entropic lower bound. The existence of virtual edge states implies a lower bound for the entanglement entropy [23] . In terms of the correlation part of the covariance matrix [24] 
where the 2-norm is defined as A 2 2 = tr(A 2 ), the sum of the squared singular values. Note that (8) is general, holding for free and interacting systems alike. For its interpretation note that the contributions from the bulk states to the entanglement entropy can be adiabatically removed. But the fundamental properties of virtual edge states are resilient against any adiabatic evolution of the corresponding physical Hamiltonian [7] . Since topological phases are characterised by Γ AB 2 2 = 0, then the lower bound (8) becomes non-trivial dictating that the area law coefficient α can never be made zero.
Entanglement qualifier. We have shown above that nearly maximally entangled modes of the system are witnessed by singular values ξ AB j ≈ 1 of Γ AB . In analogy with the entanglement gap [25] these are separated by a covariance gap from the ξ AB j corresponding to non-universal bulk states. This gives an efficient diagnostic tool to probe the topological character of the system. To count the number of such modes in a way robust to imperfections and finite system sizes, we define the entanglement qualifier S q for some positive integer q as
In the limit q → ∞ this quantity converges to M -the number of maximally entangled modes in units of Majoranas (a Dirac mode counts as two Majoranas) -and thus detects the existence of physical edge states from the ground state. In the presence of a covariance gap, S q gives the degeneracy of these states for large but non-infinite values of q.
To demonstrate that the qualifier S q identifies the presence of edge states and the size of their akin Hilbert space, we apply it first to Kitaev's honeycomb lattice model (2D topological superconductor) [26] and Haldane's model (2D Chern insulator) [27] , in the presence and absence of disorder. In these free models Γ contains all the information about the ground state, while for interacting systems this is not the case. Nevertheless, we show in the context of the 1D Su-Schrieffer-Heeger model (SSH) [28] with interactions that even if the spectral properties fail to identify virtual edge states, due to monogamy the covariance matrix successfully identifies their presence even for strong interactions.
Free fermionic models. Kitaev's model is equivalent to free Majorana fermions γ i on a honeycomb lattice coupled to a 
where J i,j and K are the nearest and next-nearest neighbour hopping amplitudes. The link variables u i,j = ±1 are conserved quantities that define different vortex sectors that support various topological phases characterised by different Chern numbers ν [29, 30] . We consider three different regimes with distinct edge spectrum: (i) the ν = 0 Abelian phase with no edge states, (ii) the ν = 1 chiral non-Abelian phase with a single Majorana edge state, and (iii) the ν = 2 chiral Abelian phase in the full-vortex sector with two Majorana edge states (see [24] for the parameter regimes). Despite their different Chern numbers, the topological entanglement entropy takes the same value of γ = log(2) for all of these cases and is thus unable to distinguish between them [31] . The full spectrum of eigenstates is readily obtained by exact diagonalisation. Constructing the full covariance matrix [24] and evaluating the qualifier S q for each of the cases (i), (ii), and (iii) for a two component boundary ∂A, we find that it quickly converges to the values M = 0, M = 2 and M = 4, respectively, as shown in Fig. 1 (Left) . This is in exact agreement with the Chern number of each phase [29] . Similar analysis is carried out for the Haldane model for complex fermions f i ,
where t Kitaev model the various topological phases are accurately identified with distinct quantised values of S q . We observe that disorder leaves the highly entangled states largely unaffected, mainly reducing slightly the singular values of Γ AB from the exact values 1. Hence a large but finite value of q is appropriate for robustly identifying the topological phases.
In the idealised case of exactly maximal entangled virtual edge modes one can take arbitrarily large values of q. Nevertheless, this is not always the case for finite-size systems or with the introduction of disorder, as shown Fig. 1 (right) . In finite-size systems the edge states can hybridise leading to smaller entanglement between them, and hence a smaller lower bound. Moreover, the entanglement spectrum can exhibit even-odd effects in |∂A| that can wash out lower bound completely [32] . Nevertheless, due to the exponential localisation of the edge states, the lower bound can still be recovered in all cases via system-size scaling. Even-odd effects should vanish polynomially in |∂A|, while decoupling of edge states occurs exponentially in the distance between boundary components. In the above examples optimal choices of parameters are to take even cut length and a square system.
Interacting fermion model. We turn now to the case of interacting fermions. We consider the 1D SSH model [28] of spinful fermions on a chain of length L with staggered hopping and on-site interactions of strength U ,
For periodic boundary conditions the ground state is unique, while for open boundary conditions and for U = 0 edges terminating on weak bonds host an edge mode per spin component. We half-fill the system and restrict to the zero-spin sector which results in four-fold ground state degeneracy. Inter- Fig. 5 in Ref. [24] ). While the degeneracy in the energy spectrum is lifted linearly with U all the M maximally entangled modes remain highly entangled and well separated from bulk entangled states by the covariance gap. Increasing δt increases the entanglement of the edge states due to the decrease of the correlation length (equivalent to increasing the system size).
actions linearly lift the degeneracy by hybridising the spinful edge states, resulting in a ground state with two-fold degeneracy [32] , as shown in Fig. 3 
(Left).
Let us consider the system in terms of correlations. When U = 0, the model is one of free fermions and the covariance matrix Γ contains all the information about the ground state. Partitioning a periodic system in half with a two-component boundary, the qualifier S q converges for large q to M = 4, consistent with two Dirac fermion edge modes per strong bond cut by ∂A [24] . For U > 0 the covariance matrix can still be readily evaluated from the eigenstates obtained via exact diagonalisation, though in contrast to the free case it does not contain all the information of the ground state. As shown in Fig. 3 (Right) , while the degeneracy of the energy is lifted, all four virtual Majorana modes that are highly entangled across ∂A behave identically in the covariance spectrum, a behaviour not captured by the entanglement entropy [32] . They remain at high entanglement and are separated from the bulk states by the covariance gap. This holds also in the extreme case, where U is large enough to cause the energies of the edge states to cross the bulk energies. This behaviour of the qualifier S q is consistent with the topological character of the system remaining unchanged. Indeed, there are no topological phase transitions and the winding number [33, 34] remains the same when U is introduced [24] . In other words, interactions only change adiabatically the edge spectrum and the edge modes remain well-defined. Thus the covariance matrix can faithfully detect edge states and thus identify topological phases also in the presence of interactions, where Γ no longer fully characterises the ground state nor is in one-to-one correspondence with the entanglement spectrum.
Conclusions. Here we employed the covariance matrix to characterise topological phases in free and interacting fermion systems. We have shown that due to the monogamy of entanglement [17, 18] the number of highly entangled modes probes the number of topologically induced edge states, regardless of their energy. Hence, the covariance matrix, similar to the Green's function [9] , provides complementary information to the entanglement spectrum [10, 12] . We demonstrated that the high entanglement of the virtual edge states, unlike their spectrum, is a robust characteristic under perturbations that leave the topological phase unchanged, such as disorder or interactions. This gives a systematic and unambiguous way to study edge states and thus the topological character of fermionic systems in theoretical and numerical investigations as well as in experiments.
SUPPLEMENTARY MATERIAL
In this supplementary material we provide some additional detail to the way the covariance matrix is obtained for freeMajorana Hamiltonians, the proof of the entropic bound and review the three models we discuss in the main text: Kitaev's honeycomb model [26] , the Haldane model [27] , and the SSH model [28] with interactions.
Covariance matrix for free Majorana fermions
For any free and hence non-interacting Majorana Hamiltonian of N modes
where
2N ×2N is antisymmetric, we find the covariance matrix of the ground state as follows [26] . We first construct the Majorana correlation matrix in the ground state
where B = QBQ T . The matrix Q is constructed in a way such that its columns are composed alternatively of the real and imaginary parts of the eigenvectors of H and
Now from Eq. (13) we obtain the correlation matrix
Entropy lower bound
In order to show the validity of (7) it is instructive to first consider a two-mode problem, with quantum state σ. The covariance matrix of σ has again the form
On using the Jordan Wigner transformation and the concavity of the von-Neumann entropy, one finds that
The right hand side, in turn, can be lower bounded by Ξ AB 2 2 /2, as an elementary argument shows. The generalisation of this to a bi-partitioned N mode fermionic system with even N can be performed by making use of the fact that by means of suitable special orthogonal mode transformations O A , O B , U A , U B ∈ SO(N ) local to A and B, one can bring the off-diagonal block Γ AB into the form
Therefore,
as stated in the main text. A related lower bound to the entropy in terms of Bogoliubov quasiparticles has been presented in Ref. [23] .
Kitaev's honeycomb model
Kitaev's honeycomb model is a lattice model of spin 1/2-particles residing on the vertices of a honeycomb lattice [26] . The spins interact according to the Hamiltonian
where J α > 0 are nearest neighbour spin exchange couplings along links of type α and K is the magnitude of a three spin term that explicitly breaks time reversal symmetry. The latter is required for the model to support gapped topological phases characterised by non-zero Chern numbers. For every hexagonal plaquette p one can associate a Z 2 valued six spin
that describes a local symmetry [H,Ŵ p ] = 0. The Hilbert space of the spin model thus breaks into sectors labeled by the patterns W = {W p } of the eigenvalues ofŴ p . We refer to these sectors as vortex sectors, since W p = −1 corresponds to having a π-flux vortex on plaquette p.
The interacting spin system (20) can be mapped to a system of Majorana fermions γ i = γ † i coupled to a Z 2 gauge field u i,j . The corresponding Hamiltonian is then given by
where the first sum is over nearest neighbour sites i, j , J i,j equals J x , J y or J z depending on the type of link, and the second over next nearest neighbors i, j with k denoting the connecting site. The gauge field is static, i.e., the local gauge potentials satisfy [H,û i,j ] = 0. The plaquette operators become Z 2 valued Wilson loop operatorŝ
which justifies the interpretation of the eigenvalues W p = −1 corresponding to the presence of a π-flux vortex on plaquette p. By choosing a gauge, i.e., replacing the operatorsû i,j with their eigenvalues u i,j = ±1, one restricts to a particular vortex sector W (u). In each sector the Hamiltonian H W (u) is quadratic in the Majorana fermions and hence readily diagonalisable, with the resulting spectrum of free fermions depending only on the vortex sector W . Depending on the couplings J i,j and K, and on the vortex sector W , the model supports several topological phases characterised by different Chern numbers ν. In the vortex-free sector where W p = 1 on all plaquettes, and when J z > J x + J y , or permutations thereof, the system is in a gapped Abelian phase with ν = 0. On the other hand, for isotropic couplings J x ≈ J y ≈ J z the system is in a gapped non-Abelian phase with ν =sign(K). In this phase vortices bind localised Majorana modes and behave thus as non-Abelian anyons. In the full-vortex sector (W p = −1 on all plaquettes), the nonAbelian phase appearing for isotropic couplings is replaced by a chiral Abelian phase with ν =sign(K)2. The full-vortex sector is implemented by fixing the gauge such that the Z 2 filed value alternates on links of type z along a row of the honeycomb lattice. Sparse vortex lattices also support various other phases whose nature depends on the vortex lattice spacing [29, 30] . Each topological phase of the honeycomb models supports |ν| Majorana edge states. The parameters used to produce the data shown in Fig. 1 are J = 1 for non-abelian vortex-free and J = 0.35 for toric code phases, K = 0.15, and L x = L y = 16.
Disorder is introduced to the model by making the couplings J and K local random variables. In particular, we set J 
Haldane model
The Haldane model [27] is also defined on a honeycomb lattice and describes the free fermions with broken timereversal symmetry due to complex next-nearest neighbour hopping that does not introduce net flux to the system. The Hamiltonian is given by
where t 1 and t 2 are real nearest-and next-nearest neighbour tunnelling amplitudes. The sign of φ ∈ [0, 2π) is consistent with a chosen chirality. When φ = 0, π the system is in a gapped topological phase characterised by Chern number ν = ±1 and exhibits a single Dirac edge state per boundary. The parameters used to produce the data shown in Fig. 1 (Left) are t 1 = 1, t 2 = 1/3, φ = π/3, and L x = L y = 12. 
SSHH model
The Hamiltonian describes N ↑ and N ↓ spinful fermions hopping on a chain of L sites with alternating weak-strong hopping [28] and interacting on site with a Hubbard interaction between spin components,
where s =↑, ↓ and n
The total spin is defined as S z = (N ↑ −N ↓ )/2. The Hamiltonian conserves the particle number and the total spin. Thus it splits into sectors labeled by S z determined by numbers of particles which can take the values
When U = 0 the model is two copies of the SSH model of polyacetiline, one copy for each spin component. There are L − 2 states in the lower band and L − 2 in the upper band and four zero-energy modes. The lower band is fully occupied and the many-body ground state degeneracy is the number of ways 2 particles can occupy four zero-modes, which is six. Two of these many-body states in the ground space have S z = ±1 and the other four have S z = 0. Restricting to the S z = 0 sector, we are left only with four states in the ground space.
Covariance matrix for the SSHH model
We work at half filling so we choose L to be even and N ↑ + N ↓ = L and enumerate the unit cells with x = After exact diagonalisation for periodic boundary conditions, we find the unique ground state vector to be a superposition on this basis
upon which the fermionic operators f The data for Fig. 3 were produced for L = 6 and the entanglement cut was performed as shown in Fig. 5 . The number M of singular values ξ AB = 1 depend on how we cut. In particular, M = 4b s maximally entangled Majorana pairs, where we have a factor of 2 due to one Dirac fermion corresponding to two Majorana fermions, another factor of 2 due to the two spin components, and b s is the number of strong bonds (double lines in Fig. 5 ) present at the boundary. In the L = 6 equi-partite case we consider in the text we have b s = 1.
Winding number for the SSHH model SSHH supports a non-trivial winding number w = ±1 when δt > 0. We want the winding number as the winding of a unit vector Σ s (p) on the surface of the sphere, where p ∈ [0, 2π) is the momentum in the Brilluin zone. In Fig. 4 we depict the SSHH hopping structure. We rename the fermionic operators that act on either site in the unit cell as f 
Each vector Σ ↑ (p) , Σ ↓ (p) gives a winding number w = 1 (w = 0) when δt > 0 (δt < 0) for both U = 0 and U > 0. In Fig. 6 we show how the winding number is robust under interactions in the topological regime (δt > 0).
